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Q1: (a) Find a vector of magnitude 4 that is orthogonal to V' =< 3,0,4 > . (3 points)
Solution:

Because < —4,0,3 > - < 3,0,4 >= 0, then U =< —4,0,3 > is orthogonal to V. Now,
Uy = % < —4,0,3 > is orthogonal to V' and has length equals 4.

(b) Given U =< 0,—3,4 > and V =< 2,0,—2 > . Find Compy (V). (2 points)
Solution: U.v 8
Compy(V) = ——— = —.
ol 5
Q2: (8 + 4 points)

(a) Are the vectors V =< 1,-3,1 >, U =< 2,—-1,0 > and W =< 0,-5,2 > coplanar
(belong to the same plane)? Justify your answer.
Solution: If (V x U)-W = 0, then V x U is perpendicular to V,U and W, and
consequently the three vectors are coplanar. Now, we have

0 —5 2
(VxU) -W=|1 =3 1|[=0+50-2)+2(—1+6)=0.
2 -1 0

Hence, the three vectors must be coplanar.

(b) Find an equation of the plane containing the point (3, —2,1) and parallel to the plane
x4+ 3y —4z = 2.
Solution:

Because the vector U =< 1,3, —4 > is normal to both planes, then we use U and the
point to find the equation. Indeed, we obtain

(x—3)+3y+2)—4(z—1)=0.

Q3: For any three vectors U, V1 and V5 in space, show that (4 points)

Projy (Vi + Vo) = Projy (Vi) + Projy(Va).

Proof:
. WV+W)-U U
Projy(Vi + Vo) =
(L2
W U+Ww-UU
Ul 10|

VW.-U U . Vo -U U
|l o 1ol ol
=Projy(V1) + Projy(V2).




Q4: Identify the graph (NO need to sketch) of each of the following in space (6 points)
(i) 22 +9% =4 i)z —y=1 (iii) 322 + 4y? + 522 = 10.
Solution:

(i) We obtain a cylinder
(ii) We obtain a plane
(iii) We obtain an ellipsoid.
Q5: (a) Evaluate (3 + 4 points)
2+t 1
. —t . L
tliglo < te V53 1 1,tsm (t) > .
Solution:
Because
lim te™! = lim - =0,
—00 t—o0 €
P+t 1
too0 243 —1 2
and
1 sin (%
lim ¢sin <> = lim 1(t)
t—00 t t—00 h
_ oy SO (T)
T—0+ T
=1.
Hence,
4t 1 1
. —t . L _ <
tlgglo < te )93 1,t81n <t> >=<0, 2,1 > .

(b) Find the antiderivative of r'(t) =< cos(t),e™!,\/t > satisfying the initial condition
r(0) =<1,2,3>.

Solution: Because

5> — <0,-1,0 >,

Wil N

r(t) —r(0) = /0 < cos(s),e %, /5 > ds =< sin(t), —e7 7,

then

[SJIe]

2
t2> — <0,-1,0>+<1,2,3 >=<sin(t)+1,—e*t+3,§t%+3>.

Wl N

r(t) =< sin(t), —e ',




Qé6: (3 + 4 points)

(a) Find a parametric representation of the elliptic paraboloid z = 22 + 4y°.
Solution: Consider = rcos(d) and y = $rsin(f), then z = r2. Thus, a parametric
representation can be
x =1 cos(0)
y = irsin(0)
z =172
(b) At what points does the curve of r(t) =< t,0,2t — t> > intersect the paraboloid z =
x4+ y??
Solution: We substitute z = t,y = 0 and z = 2t — 2 in the equation z = 22 + y? to
obtain
2t — 2 =2 4 0.

We solve the equation to obtain ¢t = 0 or ¢ = 1. Thus, the points of intersection are

(0,0,0) and (1,0,1).

Q7: Let r(t) be a differentiable vector valued function. Is it true that (4 points)

d /
@l = [l @7

Justify your answer.
Answer: Not true, and here is a counterexample:

Consider r(t) =< t,0,0 >, then

d d d L, t>0
D Lym o Gy . . o
dtHr( )i a dt| | not differentiable, t =10
-1, t<0
On the other hand,
I @l =1 <1,0,0> | = L.
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